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1 Introduction
1.1 Introduction
(1.1.1) For every essentially small tensor triangulated ategory T , Balmer [2℄ dened funtori-
ally a ringed spae Spe(T ), alled its prime spetrum. It has been shown in some ases that
the onstrution T 7! Spe(T ) does not lose information in the sense that the ategory T an
be reonstruted from Spe(T ). For example, when T
X
= D(X)
parf
is the tensor triangulated
ategory of perfet omplexes on a sheme X, there is a natural morphism
X  ! Spe(T
X
)
of ringed spaes. This omparison map is an isomorphism when X is topologially noethe-
rian ; see [2, Theorem 6.3℄.
(1.1.2) Not surprisingly, Balmer's onstrution loses a great deal of information when ap-
plied to nonommutative rings, as we show in this note. We give an alternate onstrution,
showing how to onstrut an algebra from a tensor triangulated ategory. In some ases, our
onstrution reovers muh more information than Balmer's.
(1.1.3) Fix a eld k. Let Q or (Q;R) be a quiver with relations ; for legibility we will omit
the relations R from the notation (Q;R) whenever onvenient. Let Q Rep
k
be its abelian
1
ategory of nite dimensional representations over k. Under suitable onditions on R (see
(1.2.5)), this ategory is equipped with a natural vertex-wise tensor produt whih is an
exat funtor in eah fator. Its bounded derived ategory D(Q) := D
b
(Q Rep) is then a
tensor triangulated ategory when the relations satisfy (1.2.5). We will desribe Spe(D(Q))
in the ase when Q is nite and ordered (that is, without non-trivial oriented yles).
It turns out that the ringed spae Spe(D(Q)) is not enough to reover Q, even in the ase
of quivers without relations; see (2.2.7). Moreover, Spe(D(Q)) is not (yet) a quiver, hene
we do not expet a omparison map
Q  ! Spe(D(Q)):
We show, however, that one an still reover Q (or, more aurately, its path algebra) from
the tensor triangulated ategory D(Q), at least in the ase that Q is nite and ordered.
(1.1.4) These results were motivated in part by the fat that the derived ategories of some
projetive varieties are equivalent to derived ategories of quiver representations. Consider
the triangulated ategory D(P
m
) = D
b
(Coh(P
m
)). It is known to be equivalent to the
ategory D(S
m
), where S
m
is the quiver desribed in [3, Example 5.3 and Example 6.4℄: it
hasm+1 ordered verties andm+1 arrows between onseutive verties, with ommutativity
relations (see (1.2.5)). Hene we have two dierent tensor produts on the same triangulated
ategory T = D(P
m
)

=
D(S
m
): one from the sheaf tensor produt on P
m
and the other the
quiver tensor produt. We will see that the two tensor produts give very dierent spetra.
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1.2 Conventions and preliminary facts about quivers
(1.2.1) For a eld k, TT
k
denotes the ategory of (essentially small) k-linear tensor tri-
angulated ategories. Morphisms in this ategory are exat funtors preserving the tensor
produts and unit objets.
(1.2.2) If the base eld k is xed, we denote Vet
k
simply by Vet, and similarly TT
k
by TT
and Q Rep
k
by Q Rep.
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(1.2.3) For any olletion M of objets in a tensor triangulated ategory T , hMi denotes
the smallest tensor ideal ontaining S. (For us, a tensor ideal is a full, thik, triangulated
subategory J of T that satises V 
W 2 J for any V 2 J and W 2 T .) A tensor ideal P is
prime if V 
W 2 P implies that either V 2 P or W 2 P .
(1.2.4) For denitions onerning quivers, see [1℄. Let v 2 Q
0
. For any quiver representation
V we denote by V
v
the vetor spae assoiated to the vertex v. We take however the following
onvention that is dierent from [1℄: We identify Q Rep with the ategory of right modules
over the path algebra kQ, and take the orresponding onvention on multipliation in kQ;
for example, e
m
p = p for any path beginning at the vertex m.
We onsider mainly nite ordered quivers, whih means there are only nitely many verties
and arrows, and there are no oriented yles. In this ase we denote the verties by integers
n = 1; 2; : : :, ordered in suh a way that there are non-trivial paths from n to m only when
n < m.
(1.2.5) We impose the ondition on the relations R of (Q;R) that the the subategory
(Q;R) Rep is a monoidal subategory of (Q; ;) Rep. More expliitly, we require that
the unit objet U in (Q; ;) Rep (over any eld) lies in the subategory (Q;R) Rep, and
(Q;R) Rep is losed under the quiver tensor produt.
We all relations involving only non-trivial paths satisfying this ondition tensor relations.
For example, relations generated by \ommutativity relations" are tensor. This means that
there are relations p
i
  q
i
2 R, where p
i
and q
i
are non-trivial paths with the same soure
and target, suh that every relation in R is of the form r =
P

i
(p
i
  q
i
) with 
i
2 k.
(1.2.6) For any quiver Q, a full subquiver Q0 is a quiver with Q0
0
 Q
0
and Q
0
1
 Q
1
, that
further inherits all arrows between verties: that is, for any arrow a 2 Q
1
between verties
n;m 2 Q
0
0
, we have a 2 Q
0
1
.
(1.2.7) Let Q be a quiver and R a set of (not neessarily tensor) relations, whih we assume
to be an ideal in the path algebra kQ; let Q
0
be a full subquiver of Q. Denote by f : Q
0
! Q
the inlusion map. Then there is an exat restrition funtor
f

: Q-Rep! Q
0
-Rep:
Denote by R\Q
0
the subset of R onsisting of relations all of whose paths are in Q
0
; we view
3
R \Q
0
as a set of relations on Q
0
. Then the image under f

of the subategory (Q;R)-Rep
is ontained in (Q
0
; R \Q
0
)-Rep, and we have an indued exat funtor
f

: (Q;R)-Rep  ! (Q
0
; R \Q
0
)-Rep:
We will need onditions under whih its derived funtor is full and essentially surjetive. To
this end it is onvenient to nd a right-inverse. Consider the exat extension by zero funtor
f

: Q
0
-Rep! Q-Rep:
Observe that this funtor respets the vertex-wise tensor produt, but does not preserve the
unit objet in general.
Denote by

R the set of relations on Q
0
obtained by setting every arrow ourring in R but
not in Q
0
to be zero. Then the image under f

of (Q
0
; R\Q
0
)-Rep is ontained in (Q;R)-Rep
whenever R \Q
0
=

R. (Notie that the ontainment  always holds.)
We say that R and Q
0
are ompatible if the equality R\Q
0
=

R holds (equivalently, R\Q 

R), in whih ase we have
(Q;R)-Rep
f

..
(Q
0
; R
0
)-Rep;
f

nn
where R
0
:= R \Q
0
=

R. These funtors satisfy f

f

= Id on (Q
0
; R
0
)-Rep.
(1.2.8) For example if Q is the quiver
2
b
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J
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R = (ab   d), and Q
0
is the full subquiver 1
a
 ! 2
b
 ! 4, then

R = fabg and R \ Q
0
= ;.
Hene R and Q
0
in this example are not ompatible.
On the other hand, notie that if R has only non-trivial paths and Q
0
onsists of only one
vertex then R and Q
0
are always ompatible.
(1.2.9) Let (Q;R) be a quiver with tensor relations, and Q0 a full subquiver ompatible with
R; let R
0
:= R \Q
0
=

R. We laim that R
0
also onsists of tensor relations. First, f

sends
the unit objet U in Q-Rep to the unit objet U
0
in Q
0
-Rep. By assumption U 2 (Q;R)-Rep,
and so U
0
= f

(U) 2 (Q
0
; R
0
)-Rep.
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Next, let V
0
;W
0
2 (Q
0
; R
0
)-Rep; we need to show that V
0

W
0
2 (Q
0
; R
0
)-Rep too. Sine f

respets tensor produts, we have
V
0

W
0
= f

f

(V
0
)
 f

f

(W
0
) = f

(f

(V
0
)
 f

(W
0
)):
But f

(V
0
); f

(W
0
) 2 (Q;R)-Rep, and so by assumption f

(V
0
)
f

(W
0
) 2 (Q;R)-Rep, whose
image V
0

W
0
under f

then lies in (Q
0
; R
0
)-Rep, as required.
(1.2.10) Note that the full abelian subategory (Q;R)-Rep of Q-Rep is in general not losed
under extensions. In partiular there is an inlusion funtor D(Q;R)! D(Q), but D(Q;R)
is not a triangulated subategory of D(Q). This inlusion is an exat tensor funtor (under
the ondition in (1.2.5)) that is injetive on objets, but is not full in general: For example,
onsider the quiver Q with two verties and two arrows a and b both going from one vertex
to the other. Let R := (a   b). Then both simple objets in Q-Rep lie in (Q;R)-Rep, but
most of their extensions do not lie in (Q;R)-Rep.
In general, all the simple objets of Q-Rep lie in (Q;R)-Rep, sine all arrows at as the zero
map in a simple representation.
(1.2.11) Let (Q;R) be a nite ordered quiver with tensor relations (in partiular, by the
denition given in (1.2.5), R involves only non-trivial paths); let q be the number of its
verties. Denote its verties by 1; 2; : : : ; q so that there exists a non-trivial path from n to m
only when n < m. (There is in general more than one suh way to label the verties.)
Let Q
`
be the full subquiver with verties `; `+ 1; : : : ; q, for every `  q.
(1.2.11.1) Lemma Q
`
and R are ompatible for every `.
Proof. With ` xed, let

R be as dened in (1.2.7), then we need to show

R  R \ Q
`
. For
any relation r 2 R denote by r 2

R the relation obtained by setting every arrow not in Q
`
to be zero.
The ideal of relations R is generated by relations in R of the form r =
P
p
j
with eah p
j
a
path between two xed verties, say from n to m; in partiular every arrow ourring in r is
between verties v;w with n  v < w  m.
If n  ` then r = r is ontained in Q
`
, sine in this ase Q
`
ontains every arrow ourring
in r.
If n < ` then at least one arrow in eah path ourring in r does not lie in Q
`
, namely the
5
arrow with soure n. In this ase r = 0 2 R \Q
`
as well.
With the ordering of the verties xed, we have a ltration :::  K
`+1
 K
`
 K
` 1
 : : : U of
the unit objet U 2 Q-Rep, so that the quotient K
`
=K
`+1
is the simple objet U(`) supported
at the vertex `.
(1.2.11.2) Corollary If (Q;R) is a nite ordered quiver with tensor relations, then every
K
`
, ` = 1; 2; : : : ; q, lies in the subategory (Q;R)-Rep.
Proof. Notie that if f denotes the inlusion of Q
`
in Q, then K
`
is the image under f

of
the unit objet U
`
in Q
`
-Rep. Let R
`
:= R \ Q
`
. Then by (1.2.11.1) and (1.2.9) we know
that (Q
`
; R
`
) is a nite ordered quiver with tensor relations; in partiular U
`
2 (Q
`
; R
`
)-Rep.
By (1.2.11.1) and (1.2.7) we have K
`
= f

U
`
2 (Q;R)-Rep.
2 Balmer’s constructions and their applications to quivers
In this setion, we reall briey the onstrutions in [2, Denition 2.1 and Denition 6.1℄,
and apply them to quiver representations. We see that a great deal of information is lost.
2.1 Spectrum of a tensor triangulated category
(2.1.1) Let T be a tensor triangulated ategory. Here we reall Balmer's denition of the
topologial spae SpT .
(2.1.1.1) Definition The spae SpT is the set of prime 
-ideals of T . It is given the
Zariski topology: a losed set is of the form
Z(S) := fP 2 SpT jS \ P = ;g;
where S is a set of objets in T .
(2.1.2) If X is a (topologially) noetherian sheme, by [2, Corollary 5.6℄, the topologial spae
Sp(D(X)
parf
) is homeomorphi to X.
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(2.1.3) For any quiver (Q;R) with tensor relations (see (1.2.5)) let D(Q;R), and often just
D(Q), be the bounded derived ategory of (Q;R)-Rep, equipped with the vertex-wise tensor
produt.
We now alulate SpD(Q) for a nite ordered quiver Q with tensor relations, and show that
the funtor Q 7! SpD(Q) loses a great deal of information; in fat, it retains merely the
number of verties of Q!
(2.1.4) Reall that every objet V in D(Q) an be represented by a bounded omplex of
objets in Q Rep. In partiular its ohomology H(V ) =
L
H
i
(V ) is again an objet in
Q Rep. We all the graded vetor spae H(V )
n
the ohomology of V at the vertex n.
(2.1.4.1) Lemma Let Q be a nite ordered quiver with tensor relations. For any objet
V in D(Q), we have hV i = hU(n) jH(V )
n
6= 0i, where U(n) is the simple representation
orresponding to the vertex n.
Proof. The unit objet is given by the representation U with U
n

=
k at eah vertex n and
identity maps between them for all arrows. Sine Q is nite and ordered, U admits a ltration
whose suessive quotients are the simple representations U(n); see (1.2.11).
Tensoring this ltration with V we see that hV i ontains the objet V (n) = V 
 U(n) with
V (n)
n
= V
n
and V (n)
m
= 0 for m 6= n; all the arrows in the representation V (n) are the
zero map. On the other hand, V is an extension of the V (n)'s; thus V 2 hV (n)i. We have
obtained that hV i = hV (n) jn = 1; 2; : : :i.
The objet V (n) 2 hV i is a omplex of vetor spaes, and the onstrution in [4, Chapter III,
x 1.4 Proposition℄ shows that it is isomorphi in D(Q) to the omplex H(V )
n
of vetor spaes
with zero dierentials. Sine hV i is a thik triangulated subategory, it ontains the simple
representation U(n) whenever H(V )
n
6= 0.
(2.1.4.2) Corollary If V an be represented by a omplex with non-zero ohomology at
every vertex, then hV i = D(Q) is the unit ideal.
(2.1.5) Consider the evaluation funtor V 7! V (n) = V 
 U(n) from Q Rep to the ategory
Vet. This funtor is exat and preserves the tensor produts as well as the unit objet. Its
derived funtor from D(Q) to D
b
(Vet)

=
Vet[j℄ then sends V to its ohomology H(V )
n
at n. The kernel of this derived funtor is a tensor ideal, whih we denote by P
n
. It is the
full subategory of D(Q) onsisting of objets V with H(V )
n
= 0.
7
(2.1.5.1) Theorem Let Q be a nite ordered quiver with tensor relations. Then SpD(Q)
is the disrete spae fP
n
jn 2 Q
0
g.
Proof. Clearly P
n
 hU(m)jm 6= ni. Suppose that V 62 P
n
. Then H(V )
n
6= 0, hene
V 
M
m6=n
U(m) is an objet in hP
n
; V i whih has non-zero ohomology at every vertex. By
(2.1.4.2) we have hP
n
; V i = D(Q). Thus P
n
is maximal, and by [2, Proposition 2.3()℄ P
n
is
prime.
Let I be an ideal that is not ontained in any P
n
. Then for every n we an nd V
n
2 I with
H(V
n
)
n
6= 0. This implies that V
n
2 I has non-zero ohomology at every vertex, and I
must then be the unit ideal. Thus the P
n
are preisely the maximal ideals of D(Q).
Let P be a prime ideal in D(Q). By the previous paragraph it is ontained in P
n
for some
n, in partiular U(n) =2 P . But U(m) 
 U(n) = 0 2 P whenever m 6= n, hene U(m) 2 P
for every m 6= n sine P is prime. That is, P = P
n
.
(2.1.6) Let T be the triangulated ategory Db(Pm) whih by (1.1.4) is equivalent to Db(S
m
).
By [2, Corollary 5.6℄ the spetrum Sp(T;

P
m
) under the sheaf tensor produt is homeo-
morphi to P
m
, while by (2.1.5.1) above Sp(T;

S
m
) is m + 1 disrete points. The same
phenomenon happens for example for Grassmannians by [5℄, and more generally for varieties
admitting a full exeptional set of objets.
2.2 The structure sheaf
(2.2.1) Let T be a triangulated tensor ategory. Aording to [2, Denition 2.1℄ the spae
Sp(T ) omes with a map supp( ) from the objets of T to losed subsets of Sp(T ) assoi-
ating to every objet V in T the set of prime ideals not ontaining V .
By omparing this with (2.1.5.1) we see that for any objet V of D(Q) we have
supp(V ) = fP
n
jH(V )
n
6= 0g:
(2.2.2) Reall from [2, Denition 6.1℄ the denition of the struture sheaf on Sp(T ): For
any open subset W  Sp(T ), denote by Z its omplement, and T
Z
the full triangulated
subategory of T onsisting of objets a with supp(a) ontained in Z. Then the loalization
8
funtor [6℄ T ! T=T
Z
is a tensor funtor between tensor triangulated ategories. Denote
still by U the image of the unit objet U 2 T in T=T
Z
, then O
Spe(T )
is by denition the
sheaation of the presheaf of rings
W 7! End
T=T
Z
(U): (2.2.2.)
The spetrum of a tensor triangulated ategory T is the pair SpeT := (SpT;O
Spe(T )
).
(2.2.3) If X is a topologially noetherian sheme, then Spe(D(X)
parf
)

=
X as loally ringed
spaes, by [2, Theorem 6.3℄.
(2.2.4) We now onsider the same onstrution for T = D(Q).
(2.2.4.1) Theorem Let Q be a nite ordered quiver with tensor relations. Then O
Q
:=
O
Spe(D(Q))
is the onstant sheaf of algebras k. That is, for any W  Sp(D(Q)) = Q
0
,
we have O
Q
(W )

=
k
W
.
Proof. Sine Sp(D(Q)) is a disrete topologial spae, it suÆes to show that O
Q
(fvg)

=
k
on the open set fvg onsisting of one point. Let Z := Sp(D(Q))   fvg be the omplement
of fvg and Q
0
the full subquiver with only one vertex v. Denote by f : Q
0
! Q the inlusion.
By identifying D(Q
0
) with D
b
(Vet) we see that f

is exatly the funtor V 7! H(V )
v
on
D(Q). In partiular we have T
Z
= ker(f

) and an indued funtor

f

: D(Q)=T
Z
= D(Q)= ker(f

)  ! D(Q
0
):
Sine Q
0
is ompatible with tensor relations (see (1.2.8)), we may apply the next proposition
to onlude the proof.
(2.2.4.2) Proposition Let (Q;R) be a nite ordered quiver with relations. Let f : Q0 ! Q
be the inlusion of a full subquiver ompatible with the relations; let R
0
:= R \Q
0
as in
(1.2.7). Then the derived restrition funtor f

: D(Q)! D(Q
0
) indues an equivalene

f

: T := D(Q)= ker(f

)  ! D(Q
0
):
Proof. We laim that f

is essentially surjetive and full: Indeed, the derived funtor of the
extension by zero exat funtor
f

: Q
0
 Rep! Q Rep
9
is a right inverse of f

on both objets and morphisms (see (1.2.7)). It follows that

f

is also
essentially surjetive and full, and so it remains to show that it is faithful.
Let X;Y 2 Ob(D(Q)) = Ob(T ). An element of Hom
T
(X;Y ) is represented by a diagram
X
s
 V
g
! Y in T , where s is suh that f

s is an isomorphism. This is thought of as a
\morphism" gs
 1
: X ! Y .
Now let X
s
 V
g
! Y represent a morphism in T that maps to zero under

f

. In partiular
g : V ! Y is a morphism in D(Q) suh that f

g = 0. By applying f

to the distinguished
triangle
V
g
 ! Y
h
 ! one(g)
we see that this implies f

h has a left inverse m : f

one(g)! f

Y in D(Q
0
).
Let ~m : one(g) ! Y be in D(Q) suh that f

~m is equal to m; suh an ~m exists sine f

is
full, as observed above.
Now f

( ~m Æ h) = m Æ f

h is an isomorphism in D(Q
0
). Therefore one( ~m Æ h) lies in ker(f

)
and this means that ~m Æ h also beomes an isomorphism in T . Hene g maps to zero in T
sine ( ~m Æ h) Æ g maps to zero in T . So X
s
 V
g
! Y represents the zero morphism in T .
(2.2.5) The presheaf (2.2.2.) formally ontains more information than its sheaation
O
Spe(T )
. In the ase of a quiver, this dierene is signiant. Let v;w be verties in a quiver
Q without relations, and letW := fv;wg onsidered as an open subset of Spe(D(Q)); denote
by Q
W
the full subquiver of Q onsisting of verties v and w.
Then End
D(Q
W
)
(U) is either k or k  k, depending on whether there are arrows between v
and w. Thus the presheaf (2.2.2.) reovers the underlying graph of the quiver, while the
struture sheaf reovers only the number of verties.
(2.2.6) Prime ideals in the path algebra: By [1, page 53℄ we know that the path algebra kQ
modulo its radial (whih is the ideal generated by all the non-trivial paths) is isomorphi
to the produt of #Q
0
opies of k. In partiular we see that the two-sided prime ideals
in kQ are naturally in bijetion with prime ideals in D(Q). That is, the global setions of
O
Spe(D(Q))
are naturally isomorphi to kQ=J(kQ), and, sine the map kQ! kQ=J(kQ) has
a right inverse, to a subalgebra of kQ.
(2.2.7) Let Q
i
, i  1, be the i-Kroneker quiver: the quiver (without relations) with two
verties and i arrows all going from one vertex to the other. There are obvious morphisms
10
Qi
! Q
j
with i < j, induing funtors D(Q
j
) ! D(Q
i
) of tensor triangulated ategories.
These in turn indue morphisms
Spe(D(Q
i
))  ! Spe(D(Q
j
))
of ringed spaes. From (2.1.5.1) we see easily that these are isomorphisms, in partiular
we annot reover quivers from their prime spetra. Note that the presheaves (2.2.2.) are
isomorphi for all Q
i
as well.
3 Functors of points
(3.1.1) Let T; S 2 TT. Dene
T (S) := (HomTT(T; S)=

=
) = (Fun

;1
(T; S)=

=
):
Elements in T (S) will be alled S-valued points in T . We then have a set-valued ovariant
funtor T ( ) on TT for every T 2 TT.
(3.1.2) If R is a ommutative k-algebra, we dene T (R) := T (Db(R  Mod)). Elements in
T (R) will be alled R-rational points in T .
(3.1.3) Let Q be a nite ordered quiver with tensor relations (1.2.5); we will omputeD(Q)(k).
We identify the tensor triangulated ategory D
b
(k) = D
b
(Vet) with Vet[j℄ by taking
ohomology of omplexes of vetor spaes.
The funtors V 7! H(V )
n
in (2.1.5) are in D(Q)(k), and onversely:
(3.1.3.1) Proposition D(Q)(k) = f(V 7! H(V )
n
) jn 2 Q
0
g.
Proof. Let F 2 D(Q)(k). Consider the ltration : : :  K
n+1
 K
n
 : : :  U of the unit
objet in D(Q) suh that the quotient K
n
=K
n+1
is the simple objet U(n) supported at the
vertex n. By (1.2.11.2), eah K
n
lies in D(Q) = D(Q;R).
Sine F preserves the unit objets, F (U) is isomorphi to k viewed as a graded vetor spae
plaed at degree 0. Hene on applying F to the distinguished triangle
K
n+1
f
n+1
 ! U
g
n+1
 ! U=K
n+1
;
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we see that for any xed vertex n exatly one of F (f
n+1
) and F (g
n+1
) is equal to 0, while
the other one admits a one-sided inverse.
Note that for n suÆiently large we have F (f
n+1
) = 0. Moreover, if F (f
n+1
) = 0 then
F (f
n+2
) = 0: Indeed, suppose on the ontrary that F (f
n+1
) = 0 but F (f
n+2
) 6= 0, then we
get a ontradition by applying F to the following ommutative diagram:
K
n+2
f
n+2 //

U
K
n+1
f
n+1 //
U:
So from now on let n be minimal so that F (f
n+1
) = 0. Consider the following diagram of
distinguished triangles, where by assumption F (f
n
) is non-zero and admits a right inverse
m:
K
n+1
f
n+1 //

U
//
U=K
n+1

F (K
n+1
)
0 //

F (U)
//
F (U=K
n+1
)

K
n
f
n //
q

U
//

U=K
n

F
%%
F (K
n
)
F (f
n
) //
F (q)

F (U)
m
ii
//

F (U=K
n
)

U(n)
//
0
//
U(n)[1℄ F (U(n))
//
0
//
F (U(n))[1℄:
The map F (q)Æm : F (U)! F (U(n)) must be non-zero, sine otherwise m lifts to a non-zero
map from F (U) to F (K
n+1
), giving a right inverse to F (f
n+1
), whih is zero by assumption.
This says that F (U(n)) ontains F (U) = k as a diret summand, and when viewed as an
objet in Vet[j℄, F (U(n)) must be isomorphi to k sine U(n)
 U(n) = U(n).
The two funtors V 7! F (V ) = F (U
V ) and V 7! F (U(n)
V ) = F (V
n
) are then isomorphi:
F (V ) = F (U 
 V ) = k 
 F (V ) = F (U(n)) 
 F (V ) = F (U(n)
 V ) = F (V
n
):
Now the full subategory of D(Q) onsisting of objets of the form U(n) 
 V is isomorphi
to D
b
(k), and any exat funtor preserving tensor produts and the unit objets from D
b
(k)
to itself is the identity. Hene on identifying D
b
(k) with Vet[j℄ we see that the funtor F
is isomorphi to V 7! H(V )
n
.
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(3.1.4) To summarize, we have established bijetions for any nite ordered quiver Q with
tensor relations:
Q
0
//
D(Q)(k)
//
Sp(D(Q))
n
 //
(V 7! H(V )
n
)
F
 //
kerF:
(3.1.5) Let F
n
2 D(Q)(k) be the funtor V 7! H(V )
n
orresponding to the vertex n. We
now give a useful formula for the funtors F
n
. Denote by M
n
the indeomposable projetive
module of the path algebra kQ of Q with simple quotient U(n), namely, it is the right
submodule of kQ generated by the trivial path e
n
at the vertex n: M
n
= e
n
(kQ) is the
k-vetor spae spanned by all paths starting at the vertex n; see [1, Page 59℄. Then
kQ

=
M
n
M
n
:
Under the usual identiation of Q Rep with mod kQ, we may view M
n
as an objet in
the former abelian ategory.
(3.1.5.1) Lemma We have F
n
( ) = RHom(M
n
; ) on D(Q).
Proof. This is well-known, and follows for example from [1, Exerise III.10℄.
4 Algebras associated to a tensor triangulated category
4.1 Defining the algebra
(4.1.1) Let S; T 2 TT. For any F;G 2 T (S) denote by Hom(F;G) the set of natural trans-
formations. Sine T is a k-linear ategory, this is a k-vetor spae. Let U be the unit objet
of T .
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On the k-vetor spae
A(T; S) :=
Y
F;G2T (S)
Hom(F;G)
we then have a partially dened produt by omposition, whih gives an assoiative, in
general non-ommutative algebra by dening the produt between elements whih are not
omposable to be zero. We are most interested in the speial ase:
A(T ) := A(T;D
b
(k)) :=
Y
F;G2T (k)
Hom(F;G):
(4.1.2) The funtor A( ; ) is ontravariant in its rst argument and ovariant in its seond.
4.2 Recovering finite ordered quivers
(4.2.1)We now show that a nite ordered quiver with tensor relations (1.2.5) an be essentially
reovered from its tensor triangulated ategory of representations. Reall that for a quiver Q
we denote by D(Q) the bounded derived tensor ategory of nite dimensional representations
of Q over the xed eld k.
(4.2.1.1) Theorem Let (Q;R) be a nite ordered quiver with tensor relations. The algebra
kQ=(R) of (Q;R) over k is naturally isomorphi to A(D(Q)).
Proof. Reall that we have a bijetion (see (3.1.4)) from the set of verties Q
0
to T (k) given
by n 7! (F
n
: V 7! H(V )
n
).
Let  := kQ=(R). The set of paths from vertex n to m is e
n
e
m
(where e
n
is the trivial
path at n), and we rst dene a map
 : e
n
e
m
 ! Hom(F
n
; F
m
)
for every pair of verties n;m. Let p 2 e
n
e
m
be a path from n to m, and V 2 D(Q), then
we dene
(p)
V
: F
n
(V )! F
m
(V )
to be the morphism H(V )(p) : H(V )
n
! H(V )
m
(where the ohomology H(V ) is a omplex
of Q-representations). This is well-dened sine H(V )(r) = 0 for every relation r. Note that
this is dened without assumptions on Q or R.
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Now by the Yoneda lemma on the ategory D(Q), remembering (3.1.5.1) that F
n
is repre-
sented by M
n
= e
n
, we have
Hom(F
n
; F
m
)

=
F
m
(M
n
)

=
Hom

(M
m
;M
n
);
sending  : F
n
! F
m
to 
M
n
(e
n
), where 
M
n
: (F
n
(M
n
) = ke
n
)! F
m
(M
n
).
On the other hand we have a natural isomorphism
 : Hom

(M
m
;M
n
)  ! e
n
e
m
;
sending f : M
m
! M
n
to f(e
m
) 2 M
n
; see (3.1.5.1). It is now easy to show that  is the
inverse of :
e
n
e
m
 //
Hom(F
n
; F
m
)
//
F
m
(M
n
)
//
Hom(M
m
;M
n
)
 //
e
n
e
m
p
 //
(V 7! (p)
V
)
 //
(p)
M
n
(Id
M
n
)
 //
(e
m
q 7! pe
m
q)
 //
pe
m
= p:
The naturality in the statement means the following. Let (Q;R) and (Q
0
; R
0
) be two quivers
with tensor relations; let  := kQ=(R) and let 
0
:= kQ
0
=(R
0
). Suppose there is a k-algebra
homomorphism ! 
0
. We obtain an indued restrition funtor D(Q
0
; R
0
)! D(Q;R) and
a homomorphism A(D(Q;R))! A(D(Q
0
; R
0
)).
Then these homomorphisms form a ommutative square with the isomorphisms 

=
A(D(Q))
and 
0

=
A(D(Q
0
)) above. We leave the details to the reader.
Thus a nite, ordered quiver Q with tensor relations (or at least its path algebra) an be
reovered from its tensor triangulated ategory D(Q) of representations. By [1, Chapter III,
Theorem 1.9()(d)℄, the quiver Q an be reovered from its path algebra if the ideal generated
by its relations R lies between J
2
and J
t
for some integer t, where J is the radial of kQ.
4.3 Comparing the two constructions
(4.3.1) For a tensor triangulated ategory T , the struture sheaf O
SpeT
and the algebra A(T )
are naturally related. This follows from:
(4.3.1.1) Proposition Let T; S be tensor triangulated ategories, and let U be the unit objet
of T . Then A(T; S) is naturally an End
T
(U)-algebra.
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Proof. Let  2 End
T
(U). Then  indues a natural transformation  : Id
T
! Id
T
, where

M
:M !M is given by
M

= //
M 
 U
1
 //
M 
 U

= //
M:
For every F 2 T (k), this then indues a natural transformation F () : F ! F , dened by
F ()
M
= F (
M
) : FM ! FM:
The map
z : End
T
(U)! A(T; S)
 7! (F ())
F
is easily seen to be a ring homomorphism.
Let F;G 2 T (S) and let  2 Hom(F;G). Let M 2 T . Then by naturality of , the diagram
FM
F (
M
)//

M

FM

M

GM
G(
M
)
//
GM
ommutes. That is, G() Æ  =  Æ F () in A(T; S), and z() 2 Z(A(T )).
(4.3.2) From the previous result, we see that for any tensor triangulated ategory T , there
are ring homomorphisms
End
T
(U)
 //
z
&&NN
NN
NN
NN
NN
N
 (O
Spe T
)
A(T );
where  is indued from the anonial map from a presheaf to the assoiated sheaf. In
general, there does not seem to be any reason why there should be a vertial map (in either
diretion) ompleting the triangle. However, we have:
(4.3.2.1) Proposition Let Q be a nite ordered quiver with tensor relations and T = D(Q).
Then there are vertial maps so that the diagram
End
T
(U)
 //
z
&&NN
NN
NN
NN
NN
N
 (O
Spe T
)

A(T )
OO
ommutes; further End
T
(U)

=
Z(A(T )).
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Proof. It is easy to see that End
T
(U)

=
k

0
(Q)
is the enter of the path algebra kQ; here 
0
denotes the set of equivalene lasses of verties in Q generated by the existene of arrows
between them. The vertial maps ome from (2.2.6).
(4.3.3) We note that for tensor triangulated ategories T = Db(X) indued from a sheme X,
the algebra A(T ) an be quite unpleasant, and does not neessarily reover X. For example,
let k be an algebraially losed eld, and let T := D
b
(P
1
k
). Then T (k) = P
1
(k); that is, the
only tensor funtors from T to D
b
(k) are given by restrition to a k-point. The algebra A(T )
is then easily seen to be
A(T ) =
Y
p2P
1
(k)
k
p
;
the diret produt of the skysraper sheaves. Indeed, it suÆes to show that if x; y are in
P
1
(k), then there are no non-zero natural transformations between the orresponding funtors
x

and y

.
Suppose on the ontrary that  is a non-zero natural transformation from x

to y

. Then
there is a oherent sheaf F suh that both bres x

F and y

F are non-zero, and 
F
is a
non-zero map between them. In fat sine D
b
(P
1
) is generated by O and O(1), we may
assume that F is a line bundle. In this ase the non-zero map 
F
must be an isomorphism
between the bres x

F and y

F .
Now let F
0
:= y

y

F . Then we have x

F
0
= 0 but y

F ! y

F
0
= y

y

y

F is a non-zero
map. Hene we obtain a ommutative diagram, by the naturality of :
x

F
//

F

=

x

F
0
= 0

F
0

y

F
6=0 //
y

F
0
:
But this implies that 
F
= 0, a ontradition.
Thus for triangulated tensor ategories oming from algebrai geometry, Balmer's onstru-
tion is muh better than ours. It would be interesting to nd a funtorial onstrution that
ombines the good features of both and to prove a reonstrution theorem that generalizes
simultaneously (4.2.1.1) and [2℄.
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